A scheme for heralded generation of frequency-bin photonic qubits via spontaneous four-wave mixing in a system of coupled microring resonators (photonic molecule) is developed so that the qubit state is fully controlled by the frequency amplitude of the pump field. It is shown that coupling parameters of the photonic molecule can be optimized to provide generation of nearly pure heralded photons. The heralded qubit state does not depend on the microring resonator mode frequency, thereby allowing to take advantage of frequency multiplexing for improving efficiency of quantum information processing.
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I. INTRODUCTION
Heralded single-photon sources continue to gain attention as a basic ingredient of optical quantum technologies [1, 2] . In particular, preparing single-photon states via spontaneous four-wave mixing (SFWM) in microring resonators is a promising approach to develop compact and effective on-chip devices that is compatible with existing CMOS technology. In the SFWM process, two pump laser photons inside a third-order nonlinear optical material can spontaneously convert into a pair of photons, so that one of them can be used to herald the presence of the other. In doing so, microring resonators have proved to be promising structures for enhancing optical fields and creating effective quantum light sources [2] . In this respect, significant experimental progress has been achieved in demonstration of high efficiency of the nonlinear process [3] [4] [5] , and narrow bandwidth [6] and high purity [7] of the emitted photons. In addition, near deterministic emission can potentially be achieved using multiplexing techniques [8] [9] [10] [11] [12] [13] [14] , which is expected to be quite efficient when using photon number resolving detectors [15] .
The use of photons as quantum information carriers assumes developing effective methods of controlling their basic properties that are typically used for encoding such as temporal waveform, orbital angular momentum and polarization [16] . Recently, there has been a growing interest in using frequency-bin photonic qubits for quantum information processing [17] [18] [19] . Similar to time-bin qubits, they demonstrate high stability against environmental fluctuations when transmitted via a single spatial channel, but do not require stabilisation of optical interferometric schemes for detection or fast electronics for processing.
In the present paper, we develop a scheme for generating frequency-bin single-photon qubits via SFWM in a system of coupled micro-resonators which is often * a.a.kalachev@mail.ru referred to as a photonic molecule [20] [21] [22] [23] . The coupling between micro-resonators provides frequency splitting of the modes that can be used for preparing narrowband frequency-bin qubits compatible with quantum memory devices relying on atomic transitions. The developed scheme allows one to prepare photonic qubits by controlling the frequency amplitude of the pump field, thereby avoiding additional losses introduced by external modulators and achieving the highest possible heralding efficiency. In addition, the proposed system of coupled microring resonators makes it possible to generate pure single-photon states (transform-limited singlephoton wave packets) [24] . The resulting state does not depend on the resonator mode frequency, which allows one to take advantage of scalable frequency multiplexing schemes [13, 14] for approaching deterministic emission of indistinguishable photons. Moreover, since the frequency-bin qubit states can be processed without reference to optical frequency, high generation rates of these states may be attainable with no need for optical frequency conversion.
II. BASIC EQUATIONS

A. The model
Let us consider a system of four microring resonators such that one of them (central) is coupled to strait waveguides (buses) through the others [ Fig. 1(a) ]. It is assumed that the SFWM process occurs in the central ring, while other rings are used for loading the pump field and unloading the generated photons. This can be achieved by choosing appropriate sizes of the resonators and tuning their frequencies. In particular, when the free spectral range of the outer rings is three times smaller than that of the central ring, it is possible to tune them so that the signal and idler photons either go to different waveguides without the pump field or go to the pump waveguide, which depends on their frequency [ Fig. 1 The fields in the microring resonators are described in the frequency domain by the annihilation operators x ν (ω), y ν (ω) and z ν (ω) (ν = {i, s, p}), so that x p (ω) corresponds to the pump field in the left outer ring, y p (ω), y s (ω), and y i (ω) -to the pump, signal and idler fields, respectively, in the central ring, and z s (ω), z i (ω) -to the signal and idler fields, respectively, in the right outer rings. The central frequencies of the modes in different microrings are assumed to be matched with each other as shown in Fig. 1(b) . The input and output fields in the strait waveguides are described by the annihilation operators a in;ν (ω) and a out;ν (ω). The coupling parameters between the microrings are denoted by g ν , while those between the microrings and waveguides are labelled κ ν . Finally, linear losses in the microring resonators are described by the rates γ qν (q = {x, y, z}).
B. Input-output relations
A key point of the model description is the inputoutput relations between the resonator and waveguide fields. For the lossy resonators they can be derived from the Heisenberg-Langevin equations by introducing phantom waveguides (see Appendix), which gives the following result:
where ∆ ν = ω 0ν − ω, and ω 0ν is the central frequency of the resonator mode corresponding to the nth field. For simplicity we assume here that ∀q γ qν = γ ν (general expressions are presented in Appendix). To express the cavity field operators y ν in terms of the output fields a out;ν (ω), M ν (ω) in Eqs. (1) should be replaced by M * ν (ω).
C. Biphoton state
To calculate the state of the biphoton field, we can take advantage of the first-order perturbation theory of the cavity-assisted SFWM (see, e.g., [25] [26] [27] ). The effective SFWM Hamiltonian can be written as
where ζ is the effective nonlinearity that takes into account χ (3) of the nonlinear material, mode overlapping and other parameters. By applying the first-order perturbation theory, the state vector of the generated biphoton field is calculated as
where |0 = |0 s |0 i is the vacuum state of the signal and idler fields, |α is the coherent state of the pump field with a complex amplitude α (so that y p (t)|α = α(t)|α ), and ∆ω = 2ω p − ω i − ω s is the frequency mismatch. From the input-output relations (1) we obtain
where
is the joint spectral amplitude (JSA) of the biphoton field, and
is the convolution of the spectral amplitude of the pump field in the central resonator.
To analyze the spectral correlations between the signal and idler photons one can use the Schmidt decomposition of the JSA:
where the Schmidt coefficients satisfy the condition n λ n = 1. The Schmidt decomposition provides a convenient measure of entanglement within a pure state, K = 1/ n λ 2 n , which is called Schmidt number. If the state is entangled, then there is more than one term present in Eq. (7), and K > 1. The purity of the heralded single-photon states is proportional to the inverse degree of entanglement of the total state and calculated as P = 1/K. In the case of a separable biphoton state, there is only one non-vanishing Schmidt coefficient λ = 1 yielding minimum Schmidt number K = 1 and maximum purity P = 1.
III. FREQUENCY-BIN QUBITS
A. Strong coupling
Let us consider the case of strong coupling between the central and outer resonators for the signal and idler fields: g µ > κ µ (µ = {i, s}). In this case, the transfer functions M µ (ω µ ) take the form of two Lorentzian-like peaks:
separated in frequency by
provided that κ µ < √ 8 g µ . Here M ± µ (ω µ ) stands for the mode profile around the peak frequency ω ± 0µ = ω 0µ ± δ µ /2. The components of the double line correspond to symmetric and antisymmetric states of the fields distributed between the central and outer resonators. Due to selective resonant coupling, the pump field penetrates only in the central ring, where SFWM occurs. However, the signal and idler photons are created in the collective modes of the corresponding branches of the photonic molecular.
The frequency splitting of the signal and idler modes results in appearing four peaks in the JSA, if the pump field is broad enough, which correspond to possible combinations of the photon frequencies (Fig. 2) . These peaks form three groups: i) both photons have smaller frequencies (ω these groups via manipulating its spectral amplitude. It is the approach that is used here for frequency-bin preparation.
B. Preparing a qubit state
Let the pump field spectral amplitude consists of two Gaussian components with the central frequencies ω +− and ω ++ :
each of the same spectral bandwidth ∆ω p = 2 ln 2/σ that is small compared to the mode splitting δ µ . For such a pulse to be applied as a pump field without distortion, the resonator mode for the pump field should be sufficiently broad and symmetric with respect to ω +− and ω ++ . Let us consider the case of κ p < √ 8 g p , when such a mode consists of two components with the frequencies ω ± 0p = ω 0p ±δ p /2. They match the signal and idler modes provided that ω 0p = (ω +− + ω ++ )/2 and δ p = δ µ . The latter condition can be satisfied for arbitrary large values of κ p with respect to κ µ . In this case, a broadband pump field with respect to the signal and idler fields can be applied, thereby achieving high spectral purity of the emitted photons [24, 28] .
If κ p , ∆ω p κ µ , we can take M p (ω p ) and α(ω p ) out of the integrals in Eq. (4) as slowly varying functions with respect to M µ (ω µ ) for each peak of JSA, which gives
The forth peak, which is proportional to
, may be ignored if ∆ω p is small compared to δ µ . Now, detection of the idler photon at the higher frequency (i.e., selection of the idler photon component proportional to M + i (ω i ) as shown in Fig. 2) creates superposition of two frequency components for the signal field:
and A and B should be normalized so that ψ s |ψ s = 1. As a result, the angles θ = arctan(A/B) and φ = φ b − φ a may be considered as those defining orientation of the Bloch vector representing the qubit state. Thus frequency-bin photonic qubit is conditionally prepared such that its state is totally controlled by the spectral amplitude of the pump field. This is possible provided that spectral width of the signal (heralded) mode is much smaller than that of the pump field components, which is turn should be smaller that the resonator linewidth. To illustrate these conditions we calculated the Schmidt number of the frequency bins as a function of the spectral width of the pump field ∆ω p and resonator linewidth for the pump field, which for small losses is reduced to κ p (Fig. 3) . It can be seen that for each value of the Schmidt number we can choose the optimal combination of κ p and ∆ω p so that both of them be close to their minimal values. As an example, Fig. 4 shows transfer functions and spectral amplitude of the pump field for the point κ p /κ µ = 30 and ∆ω p /g µ = 0.6, corresponding to the Schmidt number K = 1.001. 
IV. CONCLUSION
We have demonstrated how to conditionally prepare photonic frequency-bin qubits via spontaneous four-wave mixing in a system of coupled microring resonators. The developed scheme provides highest possible heralding efficiency since the resulting qubit state is fully controlled by the frequency amplitude of the pump field. We have proposed to use double resonant lines of the coupled microring resonators for the frequency encoding, which allows one to prepare narrowband frequency-bin qubits independent on the mode frequency. This can be exploited to enhance qubit generation rate via frequency multiplexing to the extent possible. The proposed approach can potentially be generalized for more complicated photonic molecules, allowing generation of high-dimensional photonic states. −4∆ 2 µ + 4g 2 µ + 2i∆ µ (κ µ + γ yµ + γ zµ ) + (κ µ + γ zµ )γ yµ ≡ M µ (ω)a in;µ (ω).
(A.10)
